We prove the perturbative renormalizability of Euclidean QED4 using flow equations, i.e. with the aid of the Wilson renormalization group adapted to perturbation theory. As compared to ~4 the additional difficulty to overcome is that the regularization violates gauge invariance. We prove that there exists a class of renormalization conditions such that the renormalized Green fimctions satisfy the QED Ward identities and such that they are infrared finite at nonexceptional momenta. We give bounds on the singular behaviour at exceptional momenta (due to the massless photon) and comment on the adaptation to the case when the fermions are also massless.
Introduction
About twenty years ago Wilson and his collaborators published their ideas on the renormalization group and effective Lagrangians [1] , which have stimulated the progress of quantum field theory and statistical mechanics ever since. In 1984 Polchinski [2] showed that these ideas are suited for a treatment of the renormalization problem of perturbative field theory which does not make any use of Feynman diagrams and in particular sidesteps the complicated analysis of the divergence/convergence properties of the general bare or renormalized Feynman diagram. Instead he showed that the problem can be solved by bounding the solutions of a system of first order differential equations, the flow equations, which are a reduction of the Wilson flow equations to their permrbative content.
The present paper is part of a programme of the authors with the aim to show that the Polchinski method is suited to prove (in the sense of mathematical physics) the perturbative renormalizability of any (by naive power counting) renormalizable theory of physical interest. Polchinski's original proof for Euclidean massive ~4 was restricted to unphysical renormalization conditions (because they were imposed on the Green functions with an additional (large) infrared cutoff), and it was achieved by estimating the solutions of three types of flow equations for different quantities successively. In our first paper we redid Polchinski's proof with two essential modifications: By showing the effective Lagrangian to be the generating functional of the perturbative connected amputated Green functions (CAG) we could include any renormalization conditions (r.c.). Recently the construction of the analytical minimal subtraction scheme was performed explicitly [8] . By improving Polchinski's induction hypothesis for bounding the solutions of the flow equations we could reduce the proof to one type of flow equations (FE) only [3] . The method was then applied to prove the renormalization of composite operators, the Zimmermann identities, and the existence of the short distance expansion [4, 5] . It turned out particularly suited for studying questions of convergence of the regularized theory to the renormalized one which go under the name of Symanzik's improvement programme [6] ; see also [7] , where the same question is analyzed in Polchinski's original framework. A recent proof by one of the authors also established a de Calan-Rivasseau bound for the large orders of perturbation theory -i.e. local Borel summability -for massive 0 ~4, which shows that the FE method works beyond questions of perturbafive finiteness [9] . In recent years there has also been increasing interest in the FE method from a more phenomenological point of view, i.e. with the aim to find new approximation schemes for the system of FE which differ from standard perturbation theory. In this case the FE are mostly presented and analysed in different form, namely for one particle irreducible Green functions. For example critical exponents for ~44-type theories have been calculated in [10] . It has also been applied to the problem of bound states and vacuum condensates [11] , see also [12] .
If the FE are supposed to be suited for a renormalizability proof of, say, the standard model, it is necessary to cope with gauge theories. Gauge symmetries constitute a particular problem, since our framework crucially makes use of momentum space cutoffs, which necessarily violate gauge invariance, or -on the level of Green functions -the Ward identities (WIs). The problem is less severe for an Abelian gauge theory as QED due to the absence of photon self-interactions. Nevertheless it necessitates the introduction of new counterterms to render the Green functions finite. The theory including these new counterterms will be called a fermion-photon theory in the following. It contains more free parameters than QED. We studied the renormalizability of QED in a recent letter [13] . There it was shown that there is a unique choice for the r.c. corresponding to the new counterterms such that the WIs are restored in the renormalized theory. This proves the renormalizability of perturbative Euclidean QED. In this paper we want to give a complete and fully rigorous proof of the renormalizability of perturbative QED. In particular we shall not make use of the nonexistent path integral measures to derive the WIs and their violation. And we want to go beyond the previous letter in that we do not restrict any more to a theory with a massive photon. The method of dealing with theories with massless particles has been developed previously for massless ~4 [14] and shall be applied to QED now, where we still restrict to the Euclidean framework, however.
The renormalization of Euclidean QED using noninvariant regularizations has also been studied rigorously by Feldman, Hurd, Rosen and Wright [15] , and Rosen and Wright [17] . These papers are based on the Gallavotti-Nicol6 tree-formalism and they also include de Calan-Rivasseau type bounds on the large orders of perturbation theory and certain statements on Minkowski-space theory. Their method is closer to Feynman diagram based proofs than Polehinski's method. Another difference from our approach is that they work in position space and consequently
